Abstract. Let g be a finite-dimensional complex simple Lie algebra with highest root θ and let g[t] be the corresponding current algebra. In this paper, we consider g[t]-stable Demazure modules of integrable highest weight representations of the affine Lie algebra g. We prove that the fusion product of Demazure modules of a given level with a single Demazure module of a different level and with highest weight a multiple of θ is a generalized Demazure module, and also give explicit defining relations. This also proves that the fusion product of such Demazure modules is independent of the parameters. As a consequence, we obtain the defining relations for a special family of generalized Demazure modules.
Introduction
Let g be a finite-dimensional complex simple Lie algebra and g the corresponding affine Lie algebra. In this paper, we are interested in Demazure modules associated to integrable highest weight representations of g. These modules, which are actually modules for a Borel subalgebra of g, are indexed by a dominant integral affine weight and an element of the affine Weyl group. We are mainly interested in the Demazure modules which are preserved by a maximal parabolic subalgebra containing the Borel. The maximal parabolic subalgebra of our interest is the current algebra g [t] , which is the algebra of polynomial maps C → g with the obvious point-wise bracket. Equivalently, it is the complex vector space g ⊗ C[t] with Lie bracket being the C[t]-bilinear extension of the Lie bracket on g. The g[t]-stable Demazure modules are known to be indexed by pairs (l, λ), where l is the level of the integrable representation of g and λ is a dominant integral weight of g. We denote the corresponding module by D(l, λ). These are in fact finite-dimensional graded g[t]-modules, where the degree grading on C[t] gives a natural Z-grading on g [t] and makes it a graded Lie algebra.
A powerful tool to study the category of finite-dimensional graded g[t]-modules is the fusion product, which was introduced by Feigin and Loktev in [3] . Although the fusion product is by definition dependent on a choice of parameters, it is widely expected that it will turn out to be independent of the choices, and in several cases this has been proved (see [1, 2, 4, 7, 9, 10, 12] ). It is proved in [1] that the fusion product of Demazure modules of a given level is again a Demazure module of the same level. In [10] , Naoi proved, for g simply-laced, that the fusion product of Demazure modules of different levels associated to multiples of fundamental weights is a generalized Demazure module, and used this to solve the X = M conjecture. The generalized Demazure modules are indexed by p dominant integral affine weights and p affine Weyl group elements, where p ≥ 1. Their defining relations are not known except when p = 1, where they are actually Demazure modules. But the characters of the generalized Demazure modules are known in terms of the Demazure operators [8, 11] .
In this paper, we investigate further the fusion product of Demazure modules of different levels. Let θ be the highest root of g. We consider the fusion product of Demazure modules of a given level with a single Demazure module of a different level and with highest weight a multiple of θ. We prove that this is a generalized Demazure module, and obtain the defining relations for this special family of generalized Demazure modules. More precisely, given positive integers k, l, m such that l ≥ m ≥ k, and a sequence of dominant integral weights λ 1 , · · · , λ p of g, we prove that the fusion product of Demazure modules
is a generalized Demazure module, and also give explicit defining relations (see Theorem 3 ). This also proves that the fusion product (1.1) is independent of the parameters. Our main result (Theorem 3) enables us to obtain short exact sequences of fusion products (see Corollay 4), short exact sequences of generalized Demazure modules (see Corollary 5) and a surjective homomorphism between two fusion products (see Corollary 6).
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Preliminaries
Throughout the paper, Z denotes the set of integers, N the set of positive integers, Z ≥0 the set of non-negative integers, C the field of complex numbers, C[t] the polynomial ring in an indeterminate t and C[t, t −1 ] the ring of Laurent polynomials.
2.1. Given a complex Lie algebra a , let U(a) be its universal enveloping algebra. The current algebra a[t] associated to a is defined as a ⊗ C[t], with the Lie bracket
The degree grading on
Given a graded a[t]-module V and a subset S of V , S denotes the submodule of V generated by S. Let ev 0 : a[t] → a be the morphism of Lie algebras given by setting t = 0. The pull back of any a-module V by ev 0 defines a graded g[t]-module structure on V, and we denote this module by ev * 0 V. We define a morphism of graded a[t]-modules as a degree zero morphism of a[t]-modules. For r ∈ Z and a graded a[t]-module V, we let τ r V be the r-th graded shift of V.
2.2. Let g be a finite-dimensional simple Lie algebra over C of rank n, with Cartan subalgebra h. Set I = {1, 2, · · · , n}. Let R (resp. R + ) be the set of roots (resp. positive roots) of g with respect to h and let θ ∈ R + be the highest root in R. Let (. | .) be a non-degenerate, symmetric, invariant bilinear form on h * normalized so that the square length of a long root is two. For α ∈ R, let α ∨ ∈ h the corresponding co-root, g α the corresponding root space and d α = 2/(α|α). We set n ± = ⊕ α∈R + g ±α , and fix non-zero elements x ± α ∈ g ±α such that [x + α , x − α ] = α ∨ . Let W be the Weyl group and w 0 be the longest element in W .
The weight lattice P (resp. P + ) is the Z-span (resp. Z ≥0 -span) of the fundamental weights ̟ i , i ∈ I. The root lattice Q (resp. Q + ) is the Z-span (resp. Z ≥0 -span) of the simple roots α i , i ∈ I, of g. The co-weight lattice L = i∈I Zd α i ̟ i is a sub lattice of P , and the co-root lattice M = i∈I Zd α i α i is a sub lattice of Q. The subsets L + and M + are defined in the obvious way. For λ ∈ P + , let V (λ) be the corresponding finite-dimensional irreducible g-module generated by an element v λ with the following defining relations:
2.3. Let g be the affine Lie algebra defined by
where c is central and the other Lie brackets are given by
for all x, y ∈ g and integers r, s. The Cartan subalgebra of the affine Lie algebra is
and we regard h * as a subspace of h * by setting λ(c) = λ(d) = 0 for λ ∈ h * . Let δ, Λ 0 ∈ h * be given by
Extend the non-degenerate form on h * to a non-degenerate symmetric bilinear form on h * by setting, (h * |Cδ + CΛ 0 ) = (δ|δ) = (Λ 0 |Λ 0 ) = 0 and (δ|Λ 0 ) = 1.
be the set of dominant integral affine weights, and P is defined similarly. The affine root lattice Q is the Z-span of the simple roots α i , i ∈ I, of g, and Q + is defined in the obvious way. Let R re = {α + rδ : α ∈ R, r ∈ Z} be the set of real roots, R im = {rδ : r ∈ Z \ {0}} the set of imaginary roots and R = R re ∪ R im the set of roots of g. For each real root α + rδ, we have a Lie subalgebra generated by the set {x + α ⊗ t r , x − α ⊗ t −r } which is isomorphic to sl 2 . Let W be the affine Weyl group and regard W naturally as a subgroup of W . Let s α ∈ W be the reflection corresponding to the real root α. Given α ∈ h * , we define t α ∈ GL( h * ) by
The translation subgroup T M of W is defined by T M = {t α ∈ GL( h * ) : α ∈ M } and we have
The extended affine Weyl group W is the semi-direct product
where T L = {t β ∈ GL( h * ) : β ∈ L}. We also have W = W ⋊ Σ, where Σ is the subgroup of diagram automorphisms of g. Given w ∈ W , let ℓ(w) be the length of a reduced expression of w. The length function ℓ is extended to W by setting ℓ(wσ) = ℓ(w) for w ∈ W and σ ∈ Σ.
The following lemma is proved in [1] , and will be required later.
Given λ, µ ∈ P + and w ∈ W , we have
For any group G, let Z[G] be the integral group ring of G with basis e g , g ∈ G. Let I δ be the ideal of Z[ P ] obtained by setting e δ = 1. For a finite-dimensional semisimple h-module V, we define
where
is defined in the similar way.
2.4. Let V (Λ) be the irreducible g-module corresponding to a dominant integral affine weight Λ. Let ξ 1 , · · · , ξ p be a sequence of elements of W ( P + ). For 1 ≤ j ≤ p, let Λ j be the element of P + such that ξ j ∈ W Λ j , and define a b-submodule
We call the b-module D(ξ 1 , · · · , ξ p ) as a generalized Demazure module [8, 11] .
2.5. We now recall the definition of the finite-dimensional graded g[t]-modules D(l, λ), (l, λ) ∈ N × P + , which are introduced in [2] . For α ∈ R + with λ, α ∨ > 0, let s α , m α ∈ N be the unique positive integers such that
-module generated by an element w l, λ with the following defining relations:
We declare the grade of w l, λ to be zero. 4, 9] . Given (l, λ) ∈ N × P + , let w ∈ W , σ ∈ Σ and Λ ∈ P + such that wσΛ ≡ w 0 λ + lΛ 0 mod Zδ.
Then we have the following isomorphism of g[t]-modules,
2.6. Fusion product. We recall the notion of the fusion product of finite-dimensional cyclic graded g[t]-modules given in [3] .
Let V be a cyclic g[t]-module generated by v. We define a filtration F r V, r ∈ Z ≥0 on V by
-module generated by the image of v in gr V .
Given a g[t]-module V and a complex number z, we define an another g[t]-module action on V as follows: 
Denote this new module by
V z . For 1 ≤ i ≤ m, let V i be a finite-dimensional cyclic graded g[t]- module generated by v i . Let z 1 , · · · , z m be distinct complex numbers. We denote V = V 1 z 1 ⊗ · · · ⊗ V m zm ,V 1 * · · · * V m for V 1 z 1 * · · · * V m zm . We note that, V 1 * · · · * V m ∼ = g V 1 ⊗ · · · ⊗ V m .
Main results
We begin this section by defining a class of graded cyclic g[t]-modules and then state our main results. We then discuss applications of our results.
Given k, m ∈ Z ≥0 such that k ≤ m, and
m, kθ with the following defining relations:
where λ = λ 1 + · · · + λ p . We declare the grade of v to be zero. Since the defining relations of
and
The following theorem is the main result of this paper. 
Theorem 3 is proved in §4.
3.1. In this subsection we discuss the applications of Theorem 3.
The following corollary gives short exact sequences of fusion products of Demazure modules.
Proof. The proof follows by using Theorem 3.
The following corollary gives short exact sequences of generalized Demazure modules.
The following corollary gives a surjective map between two fusion products.
then there exist a surjective morphism of g[t]-modules,
Proof. The proof follows by using part (4) of Theorem 3 and the easy observation that there exist a surjective g[t]-module homomorphism from V
Proof of the main result
In this section, we discuss the Demazure modules associated to highest weights multiples of θ, Demazure operators, Demazure character formula and generalized Demazure modules. At the end we prove Theorem 3.
4.1. In this subsection, we give the g-module decomposition for the modules D(l, kθ), l ≥ k, and we recall a result from [1] .
The following proposition gives the g-module decomposition for the modules D(l, kθ), k ≤ l ≤ 2k.
the subspace of D(l, kθ) of grade i is given by
In particular,
Proof. We prove this by considering the Demazure module corresponding to the module D(l, kθ).
Observe that, the condition k ≤ l ≤ 2k is equivalent to lΛ 0 + (l − k)θ ∈ P + and
Hence by Proposition 2, we get
Under this isomorphism, the element w l, kθ maps to a non-zero element v of the weight space D(t w 0 (θ) (lΛ 0 + (l − k)θ)) lΛ 0 +kθ−(2k−l)δ . Considering the sl 2 copy associated to the real root θ − δ, it follows from the standard sl 2 arguments that
Now the proof follows by using the relations,
This completes the proof.
We record below an easy fact, for later use.
The following result is a consequence of [1, Theorem 1] and [1, Remark 3.5], by using (4.1) and (4.2).
The following proposition gives explicit defining relations for the modules D(l, lλ + kθ), l ≥ k.
(1) The following are the defining relations for the module D(l, lλ + kθ);
(2) The following relations also hold in the module D(l, lλ + kθ);
Proof. The proof follows by using the definition of the module D(l, lλ + kθ), Theorem 8 and Proposition 7.
The following proposition is useful later.
We have the following isomorphism of g[t]-modules,
Proof. The proof follows by using Proposition 9.
4.2. In this subsection, we prove the existence of the maps φ m + , φ 1 − and φ 2 − from Theorem 3. The following proposition gives the existence of φ m + , whose proof is trivial.
and assume that λ = λ 1 + · · · + λ p . Then the map
is a surjective morphism of g[t]-modules with
The following lemma helps in proving the existence of φ 1 − and φ 2 − . (1) For k, l ∈ N, the following relations hold in the module
the following relations hold in the module
We first prove part (1), starting with part (a). If (θ | α) = 0, then it follows. If (θ | α) = 1, then θ − α ∈ R + and it follows from the relation (
= 0. For α = θ, it follows easily. This complete the proof of part (a). We now prove part (b). We observe that
is an element of weight lλ + (k − 1)θ. Considering the sl 2 copy spanned by x + α ⊗ 1, x − α ⊗ 1 and α ∨ ⊗ 1, the proof of part (b) follows by standard sl 2 calculations, by using part (a). This completes the proof of part (1). The proof of part (2) is similar and we omit the details.
The following proposition gives the existence of φ 1 − and φ 2 − .
Proof. The proof follows by using Lemma 12.
The existence of surjective maps φ m + , φ 1 − and φ 2 − give the following inequalities;
by using Theorem 8, Proposition 10 and (4.2).
The following lemma helps in getting the reverse inequality.
Assume that λ = λ 1 + · · · + λ p and that w = w l, lλ 1 * · · · * w l, lλp * w m, kθ . Then the following relations hold in the module D(l, lλ 1 ) * · · · * D(l, lλ p ) * D(m, kθ);
Proof. Let z 1 , · · · , z p , z p+1 be the distinct complex numbers which define the fusion product. In the corresponding tensor product, we have
where f j (t) = i =j (t + z j − z i ) (λ i |α) and λ p+1 = θ. Now part (1) is immediate. The proofs of the remaining parts are identical by using Proposition 7 and (4.2), we omit the details.
The following proposition gives the reverse inequality.
Proof. The proof follows from Lemma 14.
4.3. In this subsection we discuss about the generalized Demazure modules. Although the following proposition seems to be well known, we give a proof for completeness.
Proof. We first prove that
for some a, b ∈ C and β ∈ h * , then the weight of v ′ is equal to aΛ 0 + w 0 β + bδ = w 0 (ξ 1 + · · · + ξ p ). Hence, v ′ is a non-zero constant multiple of v w 0 ξ 1 ⊗ · · · ⊗ v w 0 ξp , since
Now we have
The reverse containment also follows in the similar way. This completes the proof.
The following proposition is useful.
Proof. The proof follows by using Proposition 9 for the modules D(l −m, (l −m)λ) and D(m, mλ+ kθ).
The following corollary helps in proving our main result (Theorem 3).
Corollary 18. Under the hypothesis of Proposition 17, there exists surjective morphisms of g[t]-modules,
Proof. The proof follows by using Propositions 16 and 17, since
by using Proposition 2.
4.4. In this subsection, we recollect some facts about the Demazure operators and the generalized Demazure modules, which we use in proving our main results. For 0 ≤ i ≤ n, the Demazure operator D i is a linear operator on Z[ P ], and defined by
For w ∈ W and a reduced expression w = s i 1 · · · s ir , the Demazure operator D w is defined as Theorem 19. [8, 11] Let Λ 1 , · · · , Λ p be a sequence of elements of P + . Let w 1 , · · · , w p be a sequence of elements of W , and assuming that w [1,j] 
The following theorem is proved in [1, §4.5]. The key ingredients in the proof are some results from [5] and [6] .
Theorem 20. [1, 5, 6 ] Given (l, λ) ∈ N × P + , let w ∈ W , σ ∈ Σ and Λ ∈ P + such that
The following lemma is proved in [1, §4.4] .
4.5. In this subsection, we prove that the fusion product of Demazure modules as a g-module is isomorphic to a generalized Demazure module. We further conjecture that they are in fact isomorphic as g[t]-modules.
The following proposition helps in proving our main result.
Proposition 22. Let (l, λ) ∈ N × P + . Suppose there exist ν ∈ P + , w ∈ W and Λ ∈ P + such that t −ν wΛ ≡ w 0 λ + lΛ 0 mod Zδ. Letting e Λ 0 → 1 and e δ → 1, we get (4.7). This proves Proposition 22.
We conjecture below that the isomorphism (4.6) also holds as g[t]-modules.
Conjecture 23. Under the hypothesis of Proposition 22, we have the isomorphism (4.6) of g[t]-modules.
Remark 24. This conjecture is proved for l 1 = · · · = l p = l in [1] . In [10] , for g simply-laced, it is proved for the fundamental weights, when λ is l times a fundamental weight. In this paper, we prove some important cases of it and also give the defining relations (see Theorem 3).
4.6. We now prove Theorem 3. We start with proving part (1), proceeding by induction on k.
The k = 1 case follows by using .
